A systematic investigation has been carried out of the accuracy of molecular equilibrium structures of 19 small closed-shell molecules containing first-row atoms as predicted by the following standard electronic ab initio models: Hartree-Fock ͑HF͒ theory, Mo "ller-Plesset theory to second, third, and fourth orders ͑MP2, MP3, and MP4͒, coupled-cluster singles and doubles ͑CCSD͒ theory; CCSD theory with perturbational triples corrections ͓CCSD͑T͔͒, and the configuration-interaction singles and doubles ͑CISD͒ model. For all models, calculations were carried out using the correlation-consistent polarized valence double-zeta ͑cc-pVDZ͒ basis, the correlation-consistent polarized valence triple-zeta ͑cc-pVTZ͒ basis, and the correlation-consistent polarized valence quadruple-zeta ͑cc-pVQZ͒ basis. Improvements in the basis sets shorten the bond distances at all levels. Going from cc-pVDZ to cc-pVTZ, bond distances are on the average reduced by 0.8 pm at the Hartree-Fock level and by 1.6 pm at the correlated levels. From cc-pVTZ to cc-pVQZ, the contractions are about ten times smaller and the cc-pVTZ basis set appears to yield bond distances close to the basis-set limit for all models. The models HF, MP2, and CCSD͑T͒ give improved accuracy at increased computational cost. The accuracy of the Mo "ller-Plesset series oscillates, with MP3 being considerably less accurate than MP2 and MP4. The MP2 geometries are remarkably accurate, being only very slightly improved upon at the MP4 level for the cc-pVQZ basis. The CCSD equilibrium structures are only moderately accurate, being intermediate between MP2 and MP3. The accuracy of the CCSD͑T͒ model, in contrast, is high and comparable to that observed in most experimental studies and it has been used to challenge the experimentally determined equilibrium structure of HNO. The CISD wave function provides structures of low quality.
I. INTRODUCTION
In ab initio electronic-structure theory, the Schrödinger equation is solved by introducing approximations in the oneand N-electron spaces: In the one-electron space, the approximations are introduced by the truncation of the atomic orbital basis set; in the N-electron space, the approximations are introduced by the adoption of some particular model for the representation of the N-electron wave function in Fock space. These approximations in the one-and N-electron spaces should be introduced in a systematic fashion-thus establishing hierarchies of models for the wave functions-so that the errors can be controlled and so that the solutions may be improved upon until in principle the exact solution is recovered. Systematic comparisons of the results obtained at the different levels of the hierarchies can then be used to make judgements about the usefulness, quality, and reliability of a particular molecular calculation and also to extrapolate the results towards the exact solution and thus estimate probable errors. 1, 2 In this paper, we present a systematic investigation of the accuracy obtainable in ab initio electronic-structure predictions of molecular equilibrium geometries, applying a hierarchy of basis sets and a hierarchy of wave functions. For statistical significance, we have considered 19 small closedshell molecules containing first-row atoms and a variety of chemical bonds; bonds between hydrogen and a first-row atom as well as single, double, and triple bonds involving two first-row atoms. All molecules considered in this study are dominated by a single closed-shell electronic configuration. However, the dominance of the Hartree-Fock configuration in the wave function differs considerably among the molecules in this study, which includes the ozone molecule with a significant contribution from a second electronic configuration.
Over the last decade, a considerable effort has been directed towards developing hierarchical basis sets-that is, sequences of basis sets that allow the user to approach the basis-set limit by going to higher levels in the hierarchy. The atomic natural-orbital ͑ANO͒ sets of Almlöf and Taylor successful of these new hierarchical basis sets are perhaps the correlation-consistent sets developed by Dunning and co-workers. [5] [6] [7] [8] [9] Thus, for all wave functions considered in this study, we carry out calculations using the following three correlation-consistent sets: the correlation-consistent polarized valence double-zeta ͑cc-pVDZ͒ basis, the correlation-consistent polarized valence triple-zeta ͑cc-pVTZ͒ basis, and the correlation-consistent polarized valence quadruple-zeta ͑cc-pVQZ͒ basis. For a few selected molecules and wave functions, additional calculations have been carried out for even larger correlation-consistent basis sets.
Perhaps the simplest N-electron hierarchy of wavefunction models is that provided by Mo "ller-Plesset perturbation theory ͑MPPT͒, containing the models Hartree-Fock ͑HF͒, second-order Mo "ller-Plesset ͑MP2͒, third-order Mo "ller-Plesset ͑MP3͒, and fourth-order Mo "ller-Plesset ͑MP4͒, all of which have been included in this study. An alternative hierarchy is that based on the coupled-cluster ͑CC͒ representation of the electronic structure. This particular hierarchy contains the models HF, MP2, CCSD, and CCSD͑T͒, where CCSD is the coupled-cluster singles and doubles model 10 and CCSD͑T͒ corresponds to CCSD with perturbative triples corrections added. 11 In addition to these models, we have included in our study the configurationinteraction singles and doubles ͑CISD͒ model. Although this model is considerably less important and less useful than those belonging to the MPPT and CC hierarchies, its historical importance makes its inclusion in this study worthwhile.
Many investigations have appeared where the accuracy of molecular equilibrium geometries has been examined for the standard wave function models. [12] [13] [14] [15] [16] [17] [18] Our investigation differs from the previous studies in being more systematic with regard to the approximations made in the one-and N-electron spaces, thereby making it easier to identify and separate the errors introduced at the different levels of theory. Previous studies have been less systematic in this respect and have in our opinion not always correctly separated the errors introduced in the one-and N-electron spaces, leading in some cases to incorrect conclusions concerning the quality of the N-electron models. The number of molecules considered in this investigation is also larger than in previous studies and in a few cases new experimental results have been found, more recent and accurate than those used in previous investigations, increasing the statistical significance of the present study. It should be noted, however, that the present investigation concerns only closed-shell molecules containing first-row atoms. The results presented in this paper therefore do not necessarily carry over to open-shell molecules or to molecules containing heavier elements such as transition-metal compounds.
II. COMPUTATIONAL DETAILS
Calculations of the molecular equilibrium geometries have been carried out for the 19 molecules in Table I using  the HF, MP2, MP3, MP4 , CCSD, CCSD͑T͒, and CISD wave functions. For all models, the calculations have been carried out using the correlation-consistent cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets-the primary basis sets considered in this investigation. To explore basis-set saturation further, additional calculations have been carried out in the larger ccpV5Z basis for the three molecules N 2 , H 2 O, and N 2 H 2 . The correlation-consistent sets provide a hierarchy of molecular basis sets, where the occupied Hartree-Fock atomic orbitals are systematically supplemented with correlating functions designed for an accurate and balanced description of correlation effects in the atomic valence region.
In addition to exploring the convergence of the standard correlation-consistent hierarchy of basis sets cc-pVXZ, we have for the three molecules N 2 , H 2 O, and N 2 H 2 also considered the performance of two related correlation-consistent basis-set hierarchies: the augmented correlation-consistent sets aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ, and aug-ccpV5Z; and the correlation-consistent core-valence sets ccpCVDZ, cc-pCVTZ, and cc-pCVQZ. In the augmented basis sets, the standard correlation-consistent basis sets have been augmented with diffuse functions so as to improve the representation of the outer regions of the electronic system. 8 In the core-valence sets, the standard correlation-consistent basis sets have been augmented with correlating functions of large exponents, as appropriate for a description of correlation effects in the inner-valence and core regions. 9 The CISD calculations and the largest HF and MP2 calculations have been carried out using the Gaussian program. 19 For the remaining calculations in this study, we have used the ACESII program. 20 The calculated electronic energies and equilibrium structures for the 19 sample molecules in Table I may be obtained upon request from the authors. We note that, in all calculations, all electrons were correlated ͑i.e., the 1s orbitals were not kept frozen͒. The experimental bond distances for the 28 distinct bonds in the 19 sample molecules are listed in Table II .
III. RESULTS

A. Measures of errors
In order to quantify the errors in the calculations, we have considered several statistical measures. Let the calculated bond distances for a given method and for a given basis set be denoted by R i calc and let the corresponding experimental numbers be R i exp . The error is then given by We have, for each basis set and each method, calculated the mean error ⌬, the standard deviation in the errors ⌬ std , the mean absolute error ⌬ abs , and the maximum error ⌬ max for the nϭ28 bond distances,
Each measure characterizes a specific aspect of the performance of the methods and the basis sets. Thus, the two first measures ⌬ and ⌬ std characterize the distribution of errors about a mean value ⌬ for a given method and basis set, thus quantifying both systematic and nonsystematic errors. The mean absolute error ⌬ abs represents the typical magnitude of the errors in the calculations and ⌬ max gives the largest error.
B. Mean errors
We begin by considering the mean errors, which are listed in Table III and plotted in Fig. 1 . From Fig. 1 , we conclude that improvements in the one-electron basis shorten the bond lengths whereas improvements in the N-electron description usually ͑but not invariably͒ increase the bond lengths. Thus, going from the cc-pVDZ basis to the cc-pVTZ basis, the bond lengths are on the average reduced by 0.8 pm at the Hartree-Fock level and by 1.6 pm at the correlated levels. Going from the cc-pVTZ basis to the cc-pVQZ basis, this contraction is much less pronounced-of the order of 0.1 pm. Clearly, for most methods and most applications, the cc-pVTZ basis should provide results sufficiently close to the basis-set limit.
For all basis sets, the bond distances increase in the sequence HF, CISD, MP3, CCSD, MP2, CCSD͑T͒, and MP4. Moreover, the Hartree-Fock bond lengths are too short and the MP4 bond lengths are too long relative to experiment. Thus, improvements in the description of correlation effects tend to increase the bond lengths. We note, however, the oscillatory behavior of the Mo "ller-Plesset sequence-the MP2 bond lengths are intermediate between those obtained at the MP3 and MP4 levels. Since improvements in the one-electron and N-electron descriptions affect the bond lengths in opposite directions, there is considerable scope for cancellation of errors in the calculation of bond distances. For example, at the cc-pVDZ level, the CISD bond lengths are in the mean extremely accurate with a mean deviation of only 0.1 pm, compared with the CCSD͑T͒ error of 1.6 pm, almost as large in magnitude as the Hartree-Fock error of Ϫ2.0 pm for this basis set. However, as the description of the one-electron space is improved, the CISD bond distances shorten. At the cc-pVQZ level, the CISD bond distances are much less accurate than the other correlated wave functions, with an average error of Ϫ1.8 pm compared with the CCSD͑T͒ error of Ϫ0.2 pm and the Hartree-Fock error of Ϫ2.9 pm. A similar behavior is observed for the MP3 bond distances, which are accurate ͑in the mean͒ at the cc-pVDZ level ͑error 0.4 pm͒ but inaccurate at the more complete cc-pVQZ level ͑error Ϫ1.3 pm͒.
Clearly, the CISD and MP3 models are not of sufficiently high quality to yield accurate bond lengths for large basis sets. The CISD and MP3 models should therefore not be used for the calculation of molecular structures. Their good performance at the cc-pVDZ level is fortuitous and does not allow for an improvement of the one-electron description. It does explain, however, the success of the CISD wave function in the 1970s for the calculation of molecular structures for basis sets of polarized double-zeta quality.
At the cc-pVTZ level, two approximations stand out from the others: MP2 with a mean error of Ϫ0.15 pm and CCSD͑T͒ with a mean error of Ϫ0.05 pm. At this level, the MP4 distances ͑with a mean error of ϩ0.30 pm͒ are also quite accurate, but less so than the simpler MP2 approximation. Again, there appears to be a certain element of cancellation of error in these numbers. Thus, at the more elaborate cc-pVQZ level, the MP2 and CCSD͑T͒ bond distances are, with mean errors of Ϫ0.26 and Ϫ0.19 pm, respectively, on the average less accurate than at the cc-pVTZ level. Also, at the cc-pVQZ level, the MP4 distances are finally slightly more accurate than the MP2 distances ͑errors ϩ0.24 and Ϫ0.26 pm, respectively͒. We shall return to a discussion of the possible sources of errors in these numbers later.
C. Standard deviations
Having discussed the mean errors in the calculated bond distances, it is appropriate also to consider the standard deviations in the errors and thus more fully characterize the distribution of errors in the calculations. The standard deviations are listed in Table IV and plotted in Fig. 2 . Only for three models does the standard deviation decrease with improvements in the basis set: for MP2, for MP4, and in particular for CCSD͑T͒. For MP3 and CCSD, the standard deviation decreases from cc-pVDZ to cc-pVTZ but increases as we go to cc-pVQZ. For the CISD wave function, the standard deviation increases monotonically and for HartreeFock it is always large.
D. Normal distributions
In Fig. 3 , we have, for each basis set and each N-particle approximation, plotted the normal distributions
based on the mean values and standard deviations in Tables  III and IV . In this expression, N c is a normalization constant. Although we make no claim that the errors in the calculated bond distances are indeed distributed according to the normal distributions, these plots neatly summarize the performance of the various levels of theory. We note that the Hartree-Fock wave function is characterized by broad distributions centered off the origin, and that its performance does not improve upon improvement in the basis set. In contrast, the Mo "ller-Plesset bond distances are characterized by distributions that are sharper and located closer to the origin. The relatively poor performance of the MP3 bond distances compared with MP2 and MP4 is evident from these plots. We also note that the progression of the MP4 distribution as the basis set is improved is somewhat more satisfactory than that of MP2 theory-both with respect to the position of the peak and its width-but only slightly so. Indeed, considering the significantly higher cost of the MP4 calculations, the improvement of MP4 over MP2 is rather disappointing.
The performance of the CCSD model is also somewhat disappointing; its performance is intermediate between that of MP2 and MP3. Clearly, the CCSD wave function is not particularly well suited for the calculation of bond distances.
Only with the addition of triples corrections at the CCSD͑T͒ level does the coupled-cluster model yield satisfactory results. Indeed, at the cc-pVTZ and cc-pVQZ levels, the CCSD͑T͒ model performs excellently, with sharply peaked distributions close to the origin. From these investigations, it appears that the inclusion of doubles amplitudes to second order at the MP2 level yields satisfactory results, but that the inclusion of doubles to higher orders ͑as in MP3, CISD, and CCSD͒ without the simultaneous incorporation of triples ͓as in MP4 and CCSD͑T͔͒ yields bond distances in worse agreement with the exact solution. We finally note that CISD performs less satisfactorily than any other correlated method, with the possible exception of MP3.
E. Mean absolute deviations
We now consider the mean absolute deviations ⌬ abs listed in Table V and plotted in Fig. 4 . In Table VI , the mean absolute deviations ⌬ abs are scaled such that the CCSD͑T͒ error in the cc-pVQZ basis is equal to one. With the obvious exceptions of MP3 and CISD at the cc-pVDZ level, Fig. 4 is very similar to what we would obtain by plotting the absolute values of the mean values ⌬ ͑compare with Fig. 1͒ , confirming the systematic nature of the errors usually obtained in ab initio calculations. From Fig. 4 , the different Table III and  the standard deviations in Table IV ͑pm͒. For easy comparison, all distributions have been normalized to one and plotted on the same horizontal and vertical scales. behavior of the wave functions at the cc-pVDZ level on one side and the cc-pVTZ and cc-pVQZ levels on the other side is quite evident. Among the correlated methods, the CISD and MP3 approximations perform best at the cc-pVDZ level and worst at the cc-pVTZ and cc-pVQZ levels. At this point, it is appropriate to comment on the relative performance of the Mo "ller-Plesset approximations. Comparing with Hartree-Fock theory, we note that, for the cc-pVDZ basis, the absolute mean errors relative to the uncorrelated description are 61%, 42%, and 84% at the MP2, MP3, and MP4 levels, respectively. Thus, for this basis set, the improvements on the uncorrelated description are small and we note that MP3 performs better than MP2 and MP4. At the cc-pVTZ level, the situation is reversed and the errors relative to the Hartree-Fock description are 21%, 41%, and 18%, respectively. Finally, for the cc-pVQZ basis, the errors at the MP2, MP3, and MP4 levels are 19%, 45%, and 14%.
These examples demonstrate quite clearly the oscillatory behavior of the Mo "ller-Plesset sequence and the inherent inadequacy of the cc-pVDZ basis set in recovering molecular electronic correlation effects, indicating that any comparison of the performance of correlated methods relative to experiment based on experience with the cc-pVDZ basis set should be treated with caution as it may give a completely false indication of the performance of the various models. The small cc-pVDZ basis does not have the flexibility needed for a satisfactory description of the true correlation effects. The cc-pVTZ basis, on the other hand, yields satisfactory results for the bond distances and should be sufficient for most purposes.
F. Maximum errors
Finally, in Table VII and Fig. 5 , we have listed and plotted the maximum errors for the various basis sets and N-electron approximations. These numbers are important in providing worst-case errors for the different wave functions and basis sets. Thus, we see that, for the cc-pVQZ basis, the Hartree-Fock wave function may give errors as large as 8.5 pm, and that the maximum CISD and MP3 errors are as large as 5.7 and 4.2 pm, respectively. The CCSD wave function may give errors as large as 3.1 pm at the cc-pVQZ level. Again, the best methods are MP2, MP4, and CCSD͑T͒, whose maximum errors are 1.7, 1.5, and 1.2 pm, respectively.
Some comments are in order for the maximum errors. First, these numbers are based on a rather small sample of molecules, containing elements from the first and second rows only. Clearly, larger errors may be obtained in calculations on other systems and in particular in calculations on molecules involving heavier atoms. For example, for the vertical cyclopentadienyl-iron distance in ferrocene, the Hartree-Fock wave function overestimates the distance by 21 pm, 21 MP2 underestimates the same distance by 19 pm, 21 whereas CCSD and CCSD͑T͒ give distances within 1-2 pm of the experimental bond length. 22 This particular example illustrates that, although less accurate for molecules involving first-and second-row atoms, the CCSD wave function appears to be more robust than MP2 theory for molecules containing heavier atoms. It should also be noted that the maximum errors in Table VII may be associated with errors in the experimental measurements rather than errors in the calculations, in particular for the most accurate methods. We shall return to this point shortly.
G. Detailed plots
In Figs. 6-9, we have plotted the differences between the calculated and experimental bond lengths for the different wave functions: HF in Fig. 6 ; MP2, MP3, and MP4 in Fig. 7 ; CCSD and CCSD͑T͒ in Fig. 8 ; and CISD in Fig. 9 . In these plots, the 28 distinct bonds found in the 19 sample molecules have been arranged in order of increasing experi- mental bond length as given in Table II . Each figure contains three plots-one for each of cc-pVDZ, cc-pVTZ, and ccpVQZ basis sets. From Fig. 6 , we note that the Hartree-Fock wave function-almost without exception-gives bond lengths that are too short compared with experiment. In contrast, the MP4 bond lengths in Fig. 7 are with very few exceptions too long. The other models may give bond lengths that are either too short or too long, with a predominance of too long bonds at the cc-pVDZ level and too short bonds at the cc-pVTZ and cc-pVQZ levels. In particular, at the cc-pVTZ and cc-pVQZ levels, the MP3, CCSD, and CISD models invariably give too short bond distances, whereas the cc-pVDZ CCSD͑T͒ model gives bond distances that are too long.
For the Hartree-Fock function, the largest deviations from experiment are found in O 3 ͑where two electronic configurations are important͒, and for the electron-rich nonhydrogen bonds in F 2 , HOF, H 2 O 2 , and N 2 H 2 . The MP2 model describes these bonds surprisingly well, whereas the MP3 model still has problems for these bonds. Similar problems are experienced by the CISD model and to some extent by the CCSD model. CCSD͑T͒ describes these bonds quite accurately.
The CCSD͑T͒ results with the cc-pVQZ basis in Fig. 8 have a mean absolute deviation of 0.22 pm, smaller than the estimated error in many experimental investigations. The maximum deviation for CCSD͑T͒ in the cc-pVQZ basis occurs for the NH bond length in HNO, which is a factor of 5.5 larger than the mean error for this basis set and wave function. In the other wave-function models, the corresponding factors between the maximum and mean deviations are between 2.9 and 3.6. The large maximum error in CCSD͑T͒ compared with the mean error is probably due to an inaccurately determined experimental bond length for NH in HNO. This conjecture is substantiated by the fact that the remaining bond distances between hydrogen and first-row atoms are reproduced with an accuracy of a few tenths of a picometer in CCSD͑T͒, whereas the NH distance in HNO has an error of 1.2 pm.
H. Basis-set convergence
We now examine in greater detail the basis-set convergence for the calculation of equilibrium structures. In Table  VIII , we give the average and absolute average differential shifts in the bond lengths from cc-pVDZ to cc-pVTZ ͑⌬DT͒ and from cc-pVTZ to cc-pVQZ ͑⌬TQ͒. The absolute average differential shifts decrease by a factor of 6-8 for all wavefunction models going from ⌬DT to ⌬TQ. Extrapolation suggests shifts from cc-pVQZ to cc-pV5Z of the order of 0.1 pm or less. This result is confirmed by calculations on the selected molecules N 2 , H 2 O, and N 2 H 2 .
Basis-set saturation with respect to the addition of diffuse functions has been investigated by carrying out calculations for the molecules N 2 , H 2 O, and N 2 H 2 at the HF and MP2 levels using the aug-cc-pVXZ ͑XϭD,T,Q,5͒ basis sets. The results show that the equilibrium geometries in the augmented and nonaugmented basis sets approach each other at higher levels and differ by less than 0.1 pm at the quintuplezeta level.
Flexibility in the core region has been examined by carrying out calculations for the selected molecules N 2 , H 2 O, and N 2 H 2 at the HF, MP2, CCSD, and CCSD͑T͒ levels using the core-valence basis sets cc-pCVXZ ͑XϭD,T,Q͒. The effect of including the core orbitals is very small at the quadruple-zeta level-for example, the N 2 equilibrium bond length is reduced by 0.03 pm going from cc-pVQZ to ccpCVQZ at the CCSD͑T͒ level. Thus, the basis-set limit appears to be obtained within a few tenths of a picometer using the cc-pVQZ basis. It should be understood, however, that these results apply only to molecules containing no higher than first-row atoms and that the importance of core-valence and core correlation is considerably larger in systems containing heavier atoms. Also, we recall that all calculations presented in this paper have been carried out with all electrons correlated.
The differential changes in the bond lengths ⌬DT and ⌬TQ given in Table VIII indicate that it becomes increasingly more important to use larger basis sets with improvements in the correlation description. The average and absolute average differential shifts differ in sign only at the ⌬DT level. All bond distances thus become shorter when increasing the basis from double-zeta to triple-zeta quality, since the bonding region is only crudely described at the cc-pVDZ level. The increased flexibility at the cc-pVTZ level increases the electron density in the bonding region and shortens the bond length. The average and absolute average differential shifts differ at the ⌬TQ level for the correlated wave functions since the additional flexibility in the basis can now be used to adjust the finer details in the bonds and therefore lead to either an increase or a decrease in the bond length.
The differential shifts in the bond lengths are similar for all bond lengths at the correlated levels, differing substantially from the shifts obtained at the HF level. This behavior is clearly seen from Fig. 10 , where the differential shifts are given for the HF, MP2, and CCSD͑T͒ models. 
I. Systematic trends in the convergence towards the FCI limit
From the material presented in this paper, some general trends in the convergence of the calculated bond distances towards the FCI treatment may be discerned. Although the true nature of the convergence of the bond lengths with respect to the correlation treatment must remain somewhat uncertain as long as we cannot treat correlation effects to high orders, it is interesting to speculate on the convergence based on the data presently available to us.
In general, bonds are contracted by improvements in the basis sets and stretched by improvements in the correlation treatment. These generalizations, however, gloss over some interesting details in the dependency of the bond lengths on the correlation treatment. Thus, among the methods that introduce correlation through the inclusion of doubles excitations-that is, MP2, MP3, CCSD, and CISD-the simplest treatment ͑MP2͒ gives the longest bond distances. Any further improvement in the treatment of the doubles contracts the bonds back towards the HF limit, the magnitude of this contraction depending on the nature of the improvement in the correlation description. For the cc-pVQZ basis, the largest ''back contraction'' relative to MP2 is observed at the CISD level and amounts to as much as 58%, which should be compared with the contractions of 39% at the MP3 level and 24% at the CCSD level.
In very general terms, we may rationalize these observations as follows: ͑1͒ The inclusion of doubles at the MP2 level stretches the bonds since a new type of interaction among the electrons ͑parametrized by means of doubles amplitudes͒ has been introduced. The bonds are stretched by the repulsive nature of this interaction. ͑2͒ Any further refinement in the treatment of the interaction ͑by relaxation of the amplitudes͒ reduces its overall repulsive character, allowing the bonds to recontract somewhat.
By this argument, we expect a simple treatment of triples to stretch the bonds further, and any relaxation of the wave function in the presence of the triples to contract the bonds again. However, since the triples are less important than the doubles, we expect these effects to be much smaller than for the doubles.
The simplest treatment of the triples occurs at the MP4 and CCSD͑T͒ levels, the two methods differing from each other by the fact that, at the CCSD͑T͒ level, the doubles have been fully relaxed ͑in the absence of the triples͒ whereas no such relaxation is carried out at the MP4 level. In agreement with this observation, we find that MP4 and CCSD͑T͒ both increase the bond lengths ͑compared with MP3 and CCSD͒ but that the MP4 bonds are the longest since neither the doubles nor the triples have been fully relaxed.
We also expect that a full relaxation of the triples at the CCSDT level [23] [24] [25] should contract the bonds somewhat relative to CCSD͑T͒. This conjecture has been confirmed by a preliminary calculation on the nitrogen molecule. Going from CCSD͑T͒ to CCSDT, the bond contracts from 111.84 to 111.80 pm at the cc-pVDZ level. At the cc-pVTZ level, the bond distances are 110.06 and 110.00 pm, respectively, and 109.81 and 109.75 pm at the cc-pVQZ level. The contractions are thus 0.04, 0.06, and 0.06 pm at the cc-pVDZ, cc-pVTZ, and cc-pVQZ levels, respectively.
The experimental bond length in the nitrogen molecule is 109.77 pm. Correcting the calculated CCSDT cc-pVQZ bond distance of 109.75 pm for basis sets effects ͑which contract the bond by 0.13 pm at the MP2 level going from cc-pVQZ to cc-pV5Z͒ and the full inclusion of core and core-valence correlation effects ͓which, at the CCSD͑T͒ level, contracts the bond by 0.003 pm going from cc-pVQZ to cc-pCVQZ͔, we obtain a CCSDT limit of 109.62 pm, in error by Ϫ0.15 pm relative to experiment. For the nitrogen molecule, we therefore obtain the following errors relative to FCI in the CC hierarchy: Ϫ3.21 pm ͑HF͒, Ϫ0.81 pm ͑CCSD͒, Ϫ0.15 pm ͑CCSDT͒. For the HF wave function, we have here used the cc-pVQZ value whereas for CCSD we have used the cc-pVQZ value, corrected for the same basisset incompleteness error of 0.13 pm as in the CCSD͑T͒ calculation. From these numbers, we conclude that there is a reduction in the error in the bond distance by a factor of 4-5 with each order in the coupled-cluster amplitudes.
We thus find that the smallness of the CCSD͑T͒ error arises from a cancellation of errors-the contraction that would occur upon relaxation of the triples and upon extension of the basis beyond cc-pVQZ is approximately balanced by the stretching that would occur upon the introduction of quadruples and higher amplitudes. The same cancellation of errors is observed in MP2 theory, where the contraction that occurs upon relaxation of the doubles is balanced by the stretching that occurs upon the introduction of triples and higher amplitudes. At the MP2 level, the cc-pVQZ basis-set error is small relative to the total error in MP2. It is unknown whether this cancellation of errors is fortuitous or a systematic one ͓and would occur also for CCSDT͑Q͒ and higherorder wave functions͔.
IV. SUMMARY
In ab initio electronic-structure calculations, solutions to the Schrödinger equation are obtained by introducing approximations in the one-and N-electron spaces. We have investigated the accuracy that may be expected in the calculated equilibrium structures when such approximations are introduced in a hierarchical, systematic fashion. The oneelectron space is spanned in a systematic fashion using the sequence of correlation-consistent polarized basis sets introduced by Dunning et al. [5] [6] [7] [8] [9] In the N-electron space, we have considered the hierarchy of models defined by the perturbation series HF, MP2, MP3, and MP4 as well as the coupledcluster-based hierarchy HF, MP2, CCSD, and CCSD͑T͒. In both hierarchies, the computational cost scales as n 4 , n 5 , n 6 , and n 7 , where n is the number of orbitals. We have also considered calculations using the CISD model. For statistical significance, we have carried out calculations of equilibrium structures for 19 closed-shell molecules containing first-row atoms and a variety of chemical bonds.
The correlation-consistent basis sets give bond distances that converge smoothly to within a few tenths of a picometer at the cc-pVQZ level. For the perturbation models, we find that the MP2 model gives remarkably accurate bond lengths, which are only marginally improved upon by the MP4 model at the cc-pVQZ level. MP3 has significantly larger deviations from experiment than does MP2.
In the coupled-cluster hierarchy, the CCSD wave function gives bond lengths that are less accurate than those at the MP2 level, whereas the accuracy at the CCSD͑T͒ level is comparable to that of most experimental investigations. The mean absolute deviation between cc-pVQZ CCSD͑T͒ bond lengths and experimental bond lengths is 0.22 pm, to be compared with the experimental uncertainties, which are often of the order of a few tenths of a picometer. The largest deviation between CCSD͑T͒ and experiment is observed for the NH bond length in HNO, where the experimental bond length is 1.2 pm longer than the CCSD͑T͒ value. Based on the documented high accuracy of the CCSD͑T͒ model for the other bond distances in this investigation, we conclude that the experimentally determined NH bond length in HNO is incorrect. 26 It may be of some interest to note that, in our comparison of the CCSD͑T͒ model with experiment, we have invariably found that experimental reinvestigations of previous measurements have improved the agreement with the CCSD͑T͒ model. The most striking examples concern the bond distances in H 2 O 2 and HOF, for which the initial comparisons with old experimental work showed poor agreement between experiment and theory ͑as for the NH bond length in HNO discussed above͒. More recent experimental results were then searched for and found to give significantly better agreement with theory. Thus, experimental work on HOF in 1972 determined the OF distance at 144.2 pm. 27 In 1988, two new experimentally derived structures were published, based on reinvestigations of high-resolution spectra using theoretically determined anharmonic force fields. 28, 29 These investigations put the OF distance at 143.5 pm ͑Ref. 28͒ and 143.6 pm, 29 in better agreement with the cc-pVQZ CCSD͑T͒ distance of 143.2 pm. Similarly, in early measurements, the OO and OH distances in H 2 O 2 were determined at 147.5 and 95.0 pm, respectively. 30 In 1993, an analysis of recent microwave measurements put these distances at 145.6 and 96.7 pm, 31 in considerably better agreement with the cc-pVQZ CCSD͑T͒ distances of 145.0 and 96.1 pm. Clearly, differences still persist between theory and experiment for H 2 O 2 and an experimental reinvestigation may be worthwhile for this molecule.
The performance of the CISD model is so poor that this model cannot be recommended for the calculation of equilibrium structures. Indeed, the accuracy of the geometry predictions of this model deteriorates markedly as we go from small to large basis sets. Thus, the initial success of the CISD model in the early days of correlated calculations rests on a strong cancellation of basis-set and correlation errors at the cc-pVDZ level, in particular for small molecular systems.
Concerning basis sets, we find that, for all correlated models, basis sets of at least cc-pVTZ quality are mandatory. On the other hand, the improvements observed in bond distances when going to the larger cc-pVQZ basis sets are so small that there is usually no need to go beyond the cc-pVTZ level. In general, therefore, molecular equilibrium structures should be computed at the cc-pVTZ level. For the HartreeFock wave function, the basis-set requirements are more modest. Thus, although there are noticeable systematic changes in the bond distances between the cc-pVDZ and cc-pVTZ levels, the Hartree-Fock model is so inaccurate that for most applications the cc-pVDZ level should be sufficient.
